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Abstract. In third paper of the series we construct a large family of representations 
of the quantum toroidal qI^ algebra whose bases are parameterized by plane parti- 
tions with various boundary conditions and restrictions. We study the corresponding 
formal characters. As an application we obtain a Gclfand-Zetlin type basis for a class 
of irreducible lowest weight gl^^-modules. 



1. Introduction 

In this paper we continue our study of representations of an algebra £ = £91,52,93) 
depending on three complex parameters qi,q2,q3 with qiq2q3 = 1- It was originally 
introduced by Miki [Mij as a two parameter analog of the VTi+oo algebra. The basic 
structure theory of £ and its representations have been estabhshed in [Mij . Its con- 
nection with the Macdonald operator and the deformed Virasoro/VT-algebras was also 
revealed there. Some of his results will be recalled in Section |2l Essentially the same 
algebra has been rediscovered later on and was given various other names: the Ding- 
lohara algebra in [FT] . |FHHSY] . or the elliptic Hall algebra in jSVT] . jSV2] . Having 
been unaware of the work of Miki, we have called £ "quantum continuous gl^" in 
|FFJMMlj . |FFJMM2j . We are sorry about this oversight. 

We have decided to call £ the quantum toroidal gli algebra for the following reason. 
Let dq be the algebra generated by the symbols Z"^^, D^^ satisfying DZ = qZD, where 
g G , and regard it as a Lie algebra endowed with the Lie bracket [a, b] = ah— ha. The 
Lie algebra Dq has a two-dimensional central extension 0q ci,c2- As mentioned in |Mij . 
the algebra £qi,q2,i}3 is a quantization of the universal enveloping algebra f/(fq ci,c2)) 
where one of the parameters, say gi, is the quantization parameter and q2 = q- The 
situation is similar to that of the quantum toroidal algebra Uq{5iN,tor), whose classical 
limit is a central extension of the Lie algebra of N x N matrices x with entries in Dq, 
such that restr(a;) = 0. (Here res(a) = ao,o for a = ^aijZ^D^ e dq.) 

Throughout this paper we shall restrict our considerations to representations of a 
quotient of £ by a one- dimensional center. The classical limit of the quotient algebra 
is ^q,K,o, see Section [21 

The algebra dq is isomorphic to the algebra of g-difference operators. Namely Dq 
has a faithful representation in the space V = C[Z, such that Z acts as the 

multiplication operator f{Z) 1— )■ Zf{Z), and D as the g-difference operator f{Z) i— )■ 

f\qZ). This gives rise to a Lie algebra homomorphism 'Oq^^fi — > 0^oo,k) where g\.oo,K 
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is the central extension of the Lie algebra of linear transformations T : V ^ V, 
T{Z^) = TijZ\ such that there exists G Z for which Tij = whenever > N. 

The Lie algebra qI^o k has a rich representation theory. Let qI^ C flloo k tie the Lie 
subalgebra of linear operators T with finitely many non-zero matrix elements Tjj. Let 
Wg be the irreducible representation of gl^ with the lowest weight 

9 = {. . . , 9_2, 9_i, 9o, 9i, 6*2, . . .), Ei^iVo = 9iVg, 

where vq is a lowest weight vector in Wg: 

EijVg = if i > j. 

If the sequence {9i} stabilizes as i — ±oo, then Wg can be extended to the repre- 
sentation of gloo K- Suppose that 6*^ = ^_ for i <^ 0, and 9i = 9^ for i ':$> 0. Then the 
central element k acts in Wg by the scalar 9^ — 9+. 

Conjecturally all such Wg can be deformed to the representations of £. In this paper 
we confirm it in several special cases. 

If ^ = (. . . , 0, 0, 0, 1, 1, 1, . . .), then Wg is the well-known Fock representation given 
by semi-infinite wedges. In |FFJMMTj the construction of the semi-infinite wedges 
was deformed and as a result we get the Fock representation of £. If the weight 9 is 
ant i- dominant, i.e., 9i & Z and 9i — 9i+i < for all z G Z, the £-modules corresponding 
to Wg were also constructed in |FFJMMT| , see also Section El 

Note that all these representations of £ are described explicitly. We have a natural 
basis and an explicit formula for the action on this basis. 

In the present paper we continue with the case 9{r) = (. . . , 0, 0, 0, r, r, r, . . .), where 
r G C is generic. The character of Wg(^r) in the principal grading is given by the infinite 
product ni^ill ~ Incidentally, it coincides with the well-known Macmahon 

formula for the generating series of the plane partitions. Recall that a plane partition 
is a collection of non-negative integers {/ii'^'*}i^=i satisfying /j^f'^ > jJ-f'^ > /i^+i 

for all i,k and fi[''^ = for i + large enough. 

We construct a representation of £ which is a deformation of W(^r)- It depends on a 
complex parameter K ^ 0, which is the value of a central element of £ and is called 
the level of the representation. It has an additional complex parameter u ^ 0, which 
is related to an automorphism of £. Most importantly, it has a distinguished basis 
labeled by the plane partitions and the action of £ is explicit in this basis. We call this 
£-module the Macmahon representation, and denote it by M(u,-R'). 

Next, we observe that our construction has the following natural generalization. 
Given three partitions a,/3,7, we call a collection of numbers {/^j^^}i^=i, fJ'f^ G Z>o U 
{oo}, a plane partition with the boundary condition a, /3, 7, if the following conditions 
are satisfied 

(i) /xf ) > /if ) > /xSS for alH, fc, 

(ii) /if ^ = ttfc for z > 0, 

(iii) /if ^ = 7i for A; > 0, 
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(iv) /ij = cxD if and only if « < 

Let CP[a,/3,7] be the set of plane partitions with the boundary condition a,/3,7 . 

The set CP[«,/3,7] appears in topological field theory as a fixed point set on Hilbert 
schemes on toric 3-dimensional Calabi-Yau manifolds |ORV] . 

We show that for generic values of qi,q2,K the algebra tq^^q^^q.^^ has an irreducible 
representation yAa,i3,-f{u,K) depending on an additional arbitrary complex parameter 
u with a basis labeled by the set /3, 7] and give an explicit formula for the action. 

Here the genericity assumption for qi,q2 means (tx(t2(ti 7^ 1 unless i\ = 12 = ^3 
and for K means K 7^ (txcti'ii ^r all integers 11,12,13- Ifa = /3 = 7 = 0we have 
M^,^,^(u,K) = M{u,K). 

In the resonance case K = q\^q^2l3^ show that the module 'Ma,i3,'y{u, K) is still 
well-defined, but becomes reducible. We describe singular vectors of Ma^/3^^(u, K) and 
the irreducible quotient generated by the vector corresponding to the minimal partition 
in 'P[a,(3,'y]. In the simplest case where a = /3 = 7 = and K = qiq^2'ti (^2, "^3 > 1), 
the irreducible quotient has a basis labeled by plane partitions G P(0, 0, 0) such 
that /ijg'^ = 0. 

For the case of general a,/?, 7 the representation JAa^p^-yiu, K) does not have the 
limit gi — 1. But we show that if /3 = 0, it does and therefore it is a deformation of a 
gl^o ,,- module. Suppose further that for n, c G Z>o 

7 = ( c, c,.^.., c , 0, . . . ), K = (52^3)", 

n 

then the irreducible quotient has the limit gi — )■ 1 and the limit is an irreducible Qi^o k 
module. The lowest weight 9 of this module is given in (14.211) . 

The basis of this irreducible quotient is labeled by the set P"(a,c) consisting of all 
{^if^}tk=l e P(«,0,7) such that — 0. This basis leads us to find a Gelfand- 

Tsetlin type basis for the Q\.ao,K module We, where 6 is given by fl4.2ip . The action is 
given explicitly by Gelfand-Zetlin type formulas, see (USD, dO]), (1^1) . ^Tm . f lOU]) . 
We expect that similar bases exist for all 9, but we were unable to find them in the 
literature (except for the standard case of the dominant weights). 

Following |KR2j . we give an explicit bosonic construction of Wq. A version of the 
Schur-Weyl-Howe duality established in [KR2] allows us to write bosonic character 
formulas for We in the principal grading. Equivalently, our formula computes the 
generating function for the set P'^{a,c). 

We do not have a recipe for how to compute the characters of the £-modules 
Mq^^^^(m, -R') where K = q^iq^-^q^' in general, but this problem seems to have a very 
intriguing structure. 

For example, ii K = q^ , then £ has a big two-sided ideal. After factorization we 
get a smaller algebra ^^q^^q^^q^^x which can be identified with the elliptic VT- algebra. 
In particular, an appropriate limit of ^^q^.q^^q^j^^K gives us the VT-algebra for The 
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representation theory of the W^-algebra for is a well-known subject. In partic- 
ular, VF-algebra has a class of representations appearing in the minimal models. In 
|FFJMM2] we showed that there exist £-modules which have the same characters as 
the representations of minimal models of the VT-algebra. 

In the case K = q^q^ the algebra £ also has a big two-sided ideal, and conjec- 
turally the quotient in the appropriate limit gives us the ly-algebra for the superal- 
gebra 0[(m, n). This conjecture allows us to predict some character formulas, which 
can be checked by a computer for small values of parameters. We give some of such 
formulas at the end of the paper. 

The paper is organized as follows. In Section [2] we recall and discuss some known 
facts about algebra £ and its representation. In Section [3] we construct and study the 
Macmahon representations JAa^p^^iu, K). In Section HI we study the gl^ limits of the 
Macmahon representations. In particular, we describe the Gelfand-Zetlin type basis 
for some gl^ ^-modules. In Section Owe construct the glj^^'^odules using Heisenberg 
algebra and compute their characters by the Schur-Weyl-Howe duality of |KR2] . We 
finish with some conjectural character formulas. 

2. Preliminaries 

2.1. Algebra £. Let qi,q2,q3 G C be complex parameters satisfying the relation 
(li(l2q-i = 1- We assume that gi, q2, q^ are not a root of unity. Let 

g{z,w) = {z- qiw){z - q2w){z - q^w). 

The quantum toroidal gt^ algebra is an associative algebra £ with generators Cj, fi, 
i e Z, tp^, r G Z>o and invertible elements ip^, C, satisfying the following defining 
relations: 

C: central, 

g{Cz, w)g{Cw, z)'ip^ {z)'iIj~ (w) = g{z, Cw)g{w, C z)'ip~ {w)'ip^ (z) , 
g{C z, w)ip~^ {z)e{w) = —g{w,Cz)e{w)ip~^{z), 
g{z,w)tlj~{z)e{w) = -g{w, z)e{w)^lj-{z), 
g{w,z)'ip^{z)f{w) = ~g{z,w)f{w)'ilj^{z), 
g{w,Cz)'ilj-{z)f{w) = -g{Cz,w)f{w)ip~{z), 

[e{z)J{w)] = -J—(6{Cw/z)^lj+{w) - 6{Cz/w)tlj-{z)), 

g{z,w)e{z)e{w) = -g{w, z)e{w)e{z), 
g{w,z)f{z)f{w) = -g{z,w)f{w)f{z), 
[eo,[ei,e_i]] = [/o,[/i,/_i]] = 0. 
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Here 6{z) = ^^ez^"" denotes the formal delta function, and the generating series of 
the generators of £ are given by 

Note that £ depends on the unordered set of parameters {gi, q2, gs}, as all enter the 
relations symmetrically through the function g{z,w). 

Algebra £ has been introduced and studied by Miki [Mi] under the name "(9,7) 
analog of the algebra". (To be precise, in |Mi] an additional relation ip^ipQ = 1 

is imposed, and £ is a one-dimensional split central extension of that of |Mi] .) 

Consider the associative C algebra with generators Z"^^, D^^ with the relation DZ = 
qZD. Let Dg be the same algebra viewed as a Lie algebra by [a, b] = ab — ba. Then Dq 
has a two-dimensional central extension |KR] ^5,01,02 = f g © Cci © Cc2, where ci, C2 are 
central elements and the commutator is given by 

The element Z^D^ = 1 is (split) central in 0q^ci,c2- The quantum toroidal qI^ algebra £ 
is a quantization of the universal enveloping algebra U()q^ci,c2 where qi is a parameter 
of the quantization and q2 = q^ ■ Algebra £ has three central elements, C and ip^. 
Among the latter only the ratio {'iPq)~^'4^q is essential. We say that an £-module V 
has level (x, y) G if acts by x and {'>Po)~^ipQ acts by y. 

In what follows, we shall always consider representations of £ on which C acts as 
identity. In other words we study representations of the quotient algebra £/(C — 1), 
where the defining relations simplify as follows. 



(2.1) ^\z)r\w) = ^^\wW{z) (e, 6' G {+,-}), 

(2.2) g{z, w)i)^{z)e{w) = -g{w, z)e{w)^lj^{z), 

(2.3) giw, z)^^iz)fiw) = -giz, w)f{w)^^{z), 

(2.4) [e(z), f{w)] = ^^(^+(^) - r{z)\ 

(2.5) g{z, w)e{z)e{w) = -g{w, z)e{w)e{z), 

(2.6) g{w, z)f\z)f\w) = -g{z, w)f{w)f{z), 

(2.7) [eo,[ei,e_i]] = [/o,[/i,/_i]]=0. 



In the quotient algebra, the subalgebra generated by ip^^, i G Z>o, is commutative. We 
call an £-module V tame if ijj^^, i G Z>o, act by diagonalizable operators with simple 
joint spectrum. 

Algebra £ is Z^-graded with the assignment 

deg e, = (1, z) , deg fi = (-1, z) , deg ^pf = (0, , deg C = (0, 0) . 

Let £(j,fc) denote the homogeneous component of £ of degree (j, k) G Z^. We say that 
an £ module V = (BnezVn is Ij-graded if £jKi C Vn+j where £j = Ylik& We call 
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it quasifinite if diml^ < oo for all n G Z. Let (p^i^z) G C[[2;''^"'^]] be formal power series 
in z^^ with non-vanishing constant term. We say that a Z-graded £ module V is a. 
lowest weight module with lowest weight {(j)~^{z), (p~{z)) if it is generated by a non-zero 
vector V such that 

f{z)v = 0, ^p^{z)v = (l)'^{z)v, Cv = V . 

The following result due to Miki is an analog of the classification theorem for finite 
dimensional modules of quantum affine algebras. 



Theorem 2.1 ( |Mij ) . Up to isomorphisms, an irreducible lowest weight module V is 
uniquely determined by its lowest weight. It is quasifinite if and only if there exists a 
rational function R{z), which is regular and non-zero at z = 0, oo, such that 4>^{z) is 
the expansion of R{z) at z^^ = oo. 



Remark. In [Mij . highest weight modules are considered. Though this is purely a 
matter of convention, in this paper we shall deal with lowest weight modules for his- 
torical reasons. We note that we have called the same object 'highest weight modules' 
in IFFJMMlj . |FFJMM2j . 

Algebra £ has the formal comultiplication 

(2.8) Ae{z) = e{z)^l + i;-{z)^e{z), 

(2.9) Af{z) = f{z)^iJ^{z) + l^fiz), 

(2.10) A^^(2) = iIj^{z)0'^^{z). 

These formulas do not define a comultiplication in the usual sense since the right 
hand sides contain infinite sums. In jMij . it is shown that the twisted coproduct by a 
certain automorphism is well defined on tensor products of a class of modules (called 
restricted modules). In this paper, we shall take a slightly different approach and use 
the original coproduct given by (12. 8p . (12.91) . (I2.10p when it makes sense. The arguments 
for justification can be found e.g. in the proof of Proposition 3.1 in |FFJMMl] . 

2.2. Fock modules. Let n G C. Let V{u) = Vi{u) be a complex vector space spanned 
by basis [u]i, i G Z. Then the formulas 

(1 - qi)e{z)[u]i = 6{qlu/z)[u]i+i , 

-{l-q^')f{z)[u], = 6{ql\/z)[u],^u 

(1 - qlq3u/z){l - q\q2u/z) 



(2.11) iIj+{z)[u 



(2.12) r{z)[u] 



{l-q{u/z){l-q\~'u/z) ' 
;i - <li"(l3^z/u){l - qi'q^^z/u) 



(i-grV«)(i-gr+V«) 

define a structure of an irreducible tame quasifinite £-module on V{u) of level (1,1). 
We call the £-module V{u) the vector representation. The vector representation is not 
a lowest weight representation, it is the counterpart of the 0, module C[Z, Z~\ 
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Note that qi plays a special role in the definition of V{u) while q2 and qs participate 
symmetrically. Therefore there are two other vector representations obtained from 
V{u) by switching roles of q^. 

We set 

By fim]) . (nrm . we have ij^{z)[u]i = i/ji{u/ z)[u]i. 

The Fock representation 3^{u) = 9^2 (w) = ©aC|A) is constructed in the infinite tensor 
product of the vector representations (see [FFJMMl] ): 

3^(m) C V{u) ® V{uq2^) ® V{uq2^) ® ■ ■ ■ , 

(2.13) |A) = [u]x, ® N2"^]a2-i ® N 



2 ^]a3-2 



Here A = (Ai, A2, . . .) is a partition: Ai > A2 > • ■ ■ > 0, Aj G Z>o; Xn = for a large 
iV. We denote the corresponding Young diagram by Yx- 

In this tensor product we have two problems. First, we should avoid poles in the 
substitution. Let us examine the factor in the action of e{z). 

We prepare some notations. Let A ± Ij denote the partition /i such that fij = \j if 
j i and /z, = Aj ± 1. We say is a concave (resp., convex) corner of A if and only 
if 



Ai = j - 1 < Ai_i (resp., K = j > A, 



Denote by CC{Yx) (resp., CV{Yx)) the set of concave (resp., convex) corners of A. 
From the comultiplication rule we have 



i=l 

i-1 



l-qt''-''qt'^'){l-qi'-''-\l- 



e{z)\X) = f^6iqM-'^/^)\^ + 
i- — q^ 



Note that ipx^i has no pole. It has a zero when Ai_i = Aj. This zero prohibits a term 
|yLi) with /i = A + Ij which breaks the condition > yUj from appearing in the right 
hand side. Thus the above sum reduces to a finite sum: 



e{z)\X) = Yl Y^S{qi-Wi-'u/z)\X + 1,). 



Second, when we deal with the semi-infinite tensor product we have to give a meaning 
to the infinite product which appears in the action of ip'^iz) and f{z). Let us give a 
meaning to the infinite product which appears in the action of iIj^{z): 

00 

^±(^)|A) = Mn/z)\x), Mn/z) = n^A,-.+i(«g2"^'"V^)- 

i=l 
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The product can be written as 

(2.15) ^ i^jtw fj (i-.?-,inA)(i-.^-;cy.)^ 

1 - 'A'niz (1 - q'l-»qiulz){l - Vr'«/^) 

which is convergent because of the boundary condition Aat = for large A^. We remark 
that the convergence is vahd, in general, if limj_^oo \ exists. We will use fl2.15p under 
that condition later. This formula implies that the level of 3^(m) is (1,5'2)- For the 
vacuum |0), i.e., the empty Young diagram, we have 

(2.16) i.,{u/z) = 

1 — u/z 

This is the lowest weight of 3^{u). The general formula (12.151) for |A) can be under- 
stood as starting from the lowest weight fl2.16p for the vacuum, and multiplying the 
contribution from each box of Yx. Namely, set 

^.,(u/.) = ^^--^^^"^C/!^ 
''^ ' ' ^,_.(wgr^V^) 

_ (1 - q{qlu/z){l - qi-^(ff^u/z){l - qi-\l"\/z) 
(1 - ql\lu/z){l - q{q'i\/z){l - qr\l'u/z) ' 
The rational function ipxiu/z) can be determined recursively by 

(2.17) Mu/z) = tlJi^xA'^/z)tlJx-u{u/z). 

This formula immediately follows from (12. 111) . (12. 121) and the comultiplication rule. It 
says that the contribution from the box («, j) is tpij{u/z). Using (I2.17p . it is easy to 
see that 

(2.18) Uu/z)= TT ' " ^^y^y^ TT ^-.t^^/^ ■ 

From this, one can see that the representation is tame. 
The formula for the action of f{z) is obtained similarly: 

/(^)|A) = £ ^6{q^'-\l-\/z)\X - U), 



(2-19) ^1.= . z^.... n 



^ ~ ll TT (^ ~ gl g3 % 

Ai+i-Aj + 1 11 Afe+i-Ai+1 fc-j+iw-. Afc-Ai fc 



Again, ip'y^ ■ has no pole, and the zero at Aj = Aj+i prohibits the appearance of terms 
|yLi) which breaks the condition /ij > /ij+i. Thus, the action of f{z) reads as 

(2.20) f{z)\X) = Yl ^5{qr\l'u/z)\X - U). 

(2j)ecy(A) 
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^,q3 

CC{X) = {(1, 7), (3, 2), (4, 1)}, CViX) = {(2, 6), (3, 1)} 
Figure 1. Partition 

If we exchange qi with the representation 3^{u) changes. Let us denote it by 
This representation is reahzed inside the semi-infinite tensor product Vslu) (8) 
V3{uq2^)0V3{uq2'^)®- ■ ■ . Since has the same lowest weight ( 12.16^ as that of 3^{u), 
these two modules are isomorphic by Theorem 12.11 We can construct the isomorphism 
explicitly. Look at the action of 'ip'^^z) f l2.18p . If we exchange ^ (j, i) and qi o q^ 
simultaneously, the factors are invariant. Therefore, as ip±{z) modules, for arbitrary 
nonzero constants c\ the mapping |A) i— >■ ca|A'), with A' being the transpose of A, is 
an intertwiner. Since the representations are tame, this is the only way of intertwining 
these two £-modules. Theorem 12. II shows the existence of the set of constants c\. 

Now let us discuss the relation (12. 4p . On the subspace of V{u) V{uq2^) (g> ■ ■ ■ ® 



-N+l\ 



V{uq2 
(2.21) 

where Ai > A2 > ■ ■ ■ > 

of products of delta functions of the form c{qi 
side is a difference of two series 
simple poles. 



that is spanned by the vector 
A2 > ■ ■ ■ > Aat, the relation (12. 5 p is valid 



-N+l 



The left hand side is a sum 
q'i)5{z /w)5{qlq\u/ z). The right hand 
one is obtained from the rational function with 



N 

%Ij^^\u/z) = ^^x,-j+i{,q2^^^u/z), 
j=i 

by expanding it in z~^, and the other from the same rational function by expanding 
it in z. The difference is a sum of delta functions. They can be computed from the 
position of the poles of i(jx^\u/z) and their residues. 

Now, consider the semi- infinite action on (I2.13p . and compare it with the action on 
fl2:2T]) . If N is large enough so that Xn = 0, we identify f l233|) with ([MI])- Then the 



action of e{z) is the same. The actions of 



(2.22) 



u/z) = i)x{u/z)- 



) are slightly different: 

1 - q^u/z 



'u/z 
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1 111 Z 

The factor — Ii^Jli , is dropped in the action of ih^iz) on 3^{u). We also drop the 

same factor from the action of f{z). This explains the factor ip'^^ in f l2.20p : for large 
N, we have 



(2.23) = n ^A,-.+i(g,~'=^^V-) X \ ''jiT 

k=^+l ^ ^3"/^ 



, , --"li + l -i + l 



Since the tensor product (12.131) does not have the (A^ + l)st component, the equality 
(12.51) for (I2.2ip contains an extra term with the delta function 5{qi^q^~^u/ z). On 
the other hand, in the action on 5'(m), this term is killed by the zero of ip'xN as 
discussed before; going to (12.131) this term is dropped in both sides of (12. 5p . The effect 
of the modification (I2.22p is the same on each delta function term because it is the 
multiplication by the same factor. Thus the equality (12. 5p is valid on ?"(«). 

The value of ip^ has been changed by the multiplication because the value of this 
factor at 2; = is q2- The modification produces the non-trivial level {l,q2) for the 
representation 3^{u). 

3. Macmahon modules 
3.1. Vacuum Macmahon modules. Let us construct a level {1,K) representation 

(3.1) M{u, K) C J(m) ® ^(Mga) ® '3'{uql) ® ■ ■ • 
with basis 

M(«, K) = C| A), A = (A«, \^^\X^'\ ■■■), 

X 

where A is a plane partition, i.e., each A^'^^ = {Xf'\ Ag'^'', ■ ■ ■ , 0, 0, ■ ■ ■ ) is a partition and 

(3.2) Af) > Af 

is satisfied. We require A'-^^ = for large N. In particular, we set 

= (0,0,0,---)- 

With each A we associate a subset Y\ of (Z>i)'^ such that k) G Y\ if and only if 

j < This is a finite set. 

We call the representation M(m, K) the vacuum Macmahon representation. 

In |FFJMM2] . Theorem 3.4, the action of £ was defined on the subspace 
(a = (ai, . . . , a^-i), b = {hi, . . . , 6„_i)) of 3^{ui) ® 3^{u2) ® ■ ■ ■ ® 5'(Mn) where 

(3.3) Ui+i = Uiq^'''q2q^^' 
spanned by the vectors 

|A(")) = |a(^))®---®|a(")) 



in) 
a,b 
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satisfying 

(3.4) Af) + a.>ASit^). 

The tensor product (13.11) with the restriction fl3.2p is the hmit n — )■ oo of this 
construction in the case a = b = 0. From the discussion in the previous subsection, 
the method for constructing the action on the infinite tensor product based on the 
results in |FFJMM2] is clear. However, we must be careful on the definition of ip^{z) 

since the level of the representation M^"^ is (1, ^2 )' ^^e simple-minded limit n — )■ oo 
is not defined. In fact, this is not a defect but here is a room for introducing an arbitrary 
parameter for the level. 

We define the action of ip^{z) by 

(3.5) ij^{z)\X)=ijM^W, 
1 - Ku/z 



(3.6) ipij^u/z) 



u/z ' 

(1 - (l{(l2~^(Au/z){l - qr\lqiu/z){l - qiq^q"f\/z) 



(1 - ql\kl'u/z){l - qrqt'qlu/z)il - qiqfql-'u/ z)' 

Here K is an arbitrary nonzero parameter. The level of representation is {1,K). It is 
easy to see that the action of ^/'^(z) is tame. In fact, the partition A*^^-* can be read 
from ipx{u/z) by identifying its concave and convex corners recursively: the rightmost 
concave corner [ii + 1, ji) = (1, A^^^ + 1) can be identified by the pole coming from the 

factor 1 — ^1 ^ u/z = 1 — qi ql^u/z. Among the factors of the form (1 — qfu/z) in the 
denominator of ipx{u/z), the one with x = X^i^ is the largest in x. Next, the rightmost 
convex corner (22,^1 — 1) can be identified by the zero at (1 — q{^~^q^^u/ z). Among the 
factors of the form (1 — ql^~ q^u/z) in the numerator of ipxiu/z), the one with x = 12 
is the largest in x. Similarly, one can identify the concave corner {12 + 1,J2); then 
the convex corner (is, j2 — 1), etc., from the factors in ipx{u/z). After identifying A*^^-*, 
we divide ^^^\u/z) = ipxiu/z) by the factors corresponding to A^^^ and obtain new 
ip'^'^\u/z). Then, one can determine A^^-* by the same procedure using this ^^"^^u/z). 
Continuing in this way, we can completely determine A from ipxiu/z). 

The rational function tpxiu/z) can be determined recursively. Denote /x such that 
^(m) ^ ^(m) if ^ ^ and = A^'^) ± 1, by A ± if \ Then we have 

i^\{u/z) = ■l/j.^^ik)^^{u/z)tlj^_^ik){u/z). 

Let us compare ifjxiu/z) with 

k 

(3.7) iIj^^\u/z) ='^%py^(n.){u.m/z), Um = uq^~^. 

m=l 
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For » 1, we have 

(3.8) VaWz) = 4 HV^)t— nvTT;- 
This is because for large we have the same recursion 

ip''^\u/z) = ^ {u/z)^f\^^^{u/z). 

Note that the structure of poles is the same for ip^^\u/z) and tpxiu/z) because the 
former (for large N) has a zero at 1 — g^w/^ = and the latter at 1 — Ku/z = 0. This is 
important in the derivation of (12 .Sp . Namely, the position of delta functions appearing 
in the right hand side of the equality does not change by changing the rational function 
from iIj[^\u/z) to tpx{u/z). It is also invariant in the left hand side because for large 

we have A(^) = and |A(^)) = |0) is the lowest weight vector, which is killed by the 
action of f{z). Thus, we can establish the existence of the representation on M(m, K) 
with the level {I, K) and the lowest weight ■ 

For completeness we give the action of e{z), f\z) on M(n, K). 

The action of e{z) on |A) is defined by 

°° °° 1 (fc) 

(3.9) e(z)|A) = 5^^0^^)(n/z)^V^,(.,,,- <5(g^ g^^g^ V^)|A + if ^ 

k=l i=l 

From |FFJMM2] follows that for the finite tensor product the delta function does not 



pick up poles of if))^ {u/ z)^ and does pick up a zero if and only if ^ = A + 1^- breaks 
the condition /if > Here we give a simple proof of these statements using 

Set j = Af ^ + 1. Suppose that 

From (I2.18P we see that the function i/j^^^~^\u / z) has a pole at qi~^q2'^ql~^u/ z = 1 
only if for some m < k — 1, there exists a box {i,j) such that 

(iJ) e CC(A('")) uCr(A('")) 



and 



The latter implies 



i = i + 'm — k<i, j=j + m — k<j. 

This is a contradiction with xf^^ > Af "*. We have shown the statement about the 
poles. 

Let us show the statement about the zeros. A zero occurs only if either 
(ij)GCC(A('")) and gi'^gr^gr^ = g^gr '?r' 



QUANTUM TOROIDAL gl^ ALGEBRA : PLANE PARTITIONS 13 

or 

(z, j) e C\/(A(-)) and ql'qt'qir' = qiq^'i- 

The former case really occurs when the condition /if > /if ^ is broken, while the 
latter leads to a contradiction. 

A box (i, j, k) is called a concave (resp., convex) corner of 1a if 

(i, j, k) ^ Yx (resp., (i, j, k) e Fa) 

and 

{i - 1, j, ^), j - 1,^), ihj,k- 1) G Yx 

(resp., (z + l,j,A;),(z,j + l,A;),(z,j,A; + l) ^ Fa)- 

We denote by CC{Yx) (resp., CV{Yx)) the set of concave (resp., convex) corners of A. 
They are finite sets. The action of e{z) adds a box at each concave corner (see (12.141) . 

my- 

(3.10) e(^)|A) = Yl V^A«,.^AW,Y^^(^^^2?W^)|A + lf^), 

(3.11) i^x,,,k = i^t'\<ii'<i2'qz')- 

Similarly, we have the formula for the action of f{z) (see (12.23^ ). 

/(^)|A) = V'^..,.^l(^).Y^^(?i?2g3V^)|A - if 

V'f )(uA) = lim n i^xi-Mr'n/z) X ^—1^. 

As we discussed V'ac.) i (^^^ fl2.19p ) has no pole, and it has a zero if and only if /x = 

A — 1^ breaks the condition for the plane partitions. The discussion for poles and 
zeros of ip\,i,j,k is exactly the same as ip\Aj,k for e{z). 

3.2. Macmahon modules with non-trivial boundary conditions. In this subsec- 
tion we generalize the Macmahon representation to the case where the plane partitions 
have non-trivial boundary conditions. We repeat the semi-infinite tensor product con- 
struction. We remove the restriction a = b = in (13.41) . and also remove the condition 
A(^) = for large N. 

It is convenient to use another notation. Consider a set of three partitions a = 
(«!, 02, . . . , 0, . . .), /3 = (/3i, /32, . . . , 0, . . .), 7 = (71, 72, . . . , 0, . . .). We call a sequence 
/i = (/ii, /i2, /is, . . .) where /ij G Z>oLJ{oo} a generalized partition if and only if /ij > /ij+i 
holds for all i > 1. A sequence of generalized partitions /x = {iJ^^''^}k>i is called a plane 
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partition with the boundary conditions (a, /9, 7) if and only if the following conditions 
hold. 

(3.12) /if^>/if^'\ 

lim /if ^ = afc, 

/if ^ = 00 if 1 < « < /3fc, 



hm Hi = 7i 



,(fc) 

— /■ 

fe— >oo 

We denote by 7[a, f3, 7] the set of /j, satisfying these conditions. For each fj, we define 
a subset C (Z>i)' by 

(3.13) (^,J,A;)eY^Oj</if). 

This definition is a generalization of Yx when a = /3 = 7 = 0. A new feature is that 
Y^ can be an infinite set. If a is non-zero for /x, then Y^ has an elevation in the i-axis. 
Similarly, if (3 (resp., 7) is non-zero, an elevation in the j-axis (resp., fc-axis) (see Figure 
Q. 

Plane partitions fj, with the boundary conditions (a,/3,7) are in one-to-one corre- 
spondence with sets of partitions A = (A'^"'^^ A*^^\ \^'^\ . . .). 
Set 

(3.14) Qk = Ok - afc+i, bk = (3k- (3k+i, Ck = 7fc, 

(3.15) Af ) = /iS^),^ - ak. 

The condition (13.121) for /x and the condition (13. 4p for A are equivalent through (I3.14p 
and (1315D . 

We fix the parameter Ui as 

ctj 1 Pi 

Ui = uq-^'q2 gg , 

which implies (13.31) . When we discuss the tensor product we use 

|A) = |A(^)) ® |A(2)) ® |A(3)) ® . . . c J(ni) ® J(n2) ® ^(ua) ® ■ ■ • , 

and when we discuss the plane partition we use F^. We show this correspondence by 
denoting A = A^ when it is necessary. 

Consider a linear subspace of the semi-infinite tensor product 

(3.16) Ma,f},^ C J(ui) ® J(U2) ® ■ ■ ■ . 

By definition the space 'Ma,/3,'y is spanned by |A) where A = (A^^^ A^^^ A'^^^ . . .) is a 
sequence of partitions satisfying (13.41) and the boundary condition. 

(3.17) hm Af ) = 7.. 

fe— >oo 

The construction of representation with basis |A) can be done by using the result on 
the finite tensor product, |FFJMM2] . Theorem 3.4. 
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Figure 2. Plane partition with the boundary condition (a,/3,7). The 
diagram corresponding to the minimal plane partition u ( ]3.23p is shown. 

We consider jA^*^) as an element of 3^{ui), and identify |A) with 

|A«) ® |A(2)) ® . . . ® |A(^)) E 3'{ui) ® 3'{u2) ® ■ ■ ■ ® 

for large enough A^. Then, the action of e{z) on 1^0,13, -y is the same as in the finite 
tensor product. In the below let us describe the action of ip'^iz) and f{z). 

We describe the action of e{z). The action of e{z) adds a box at each concave corner 
as before (see flSTTOj) . (KUh ): 

{i,j,k)ecc{Yi,) 

Let us discuss the well-definedness of this action. This point was discussed in the 
previous subsection in the case of a = /3 = 7 = 0. The argument is the same in the 
general case, but /x must be used instead of A because the structure of plane partitions 
is respected by /x, not by A (see 03.131) ). 
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Recall (l2A5il . and change (EZD to 

k 

m=l 

Then using (I3.15P we obtain 

(3.18) ^x{m){um./z) = ^^(m){q^~'^u/z), 

where we understand q'^ = 0. Thus, the action of e{z) takes the same form as in the 
vacuum case wherein A is replaced by /x. 

Define the action of 'ip'^^z) on Ma^p^-y = Mq,_/3^^(m, K) by setting 

^Qin^ I t / \ l-Ku/z 1 -g/ q2Ui/z 

(3.19) Mu/z) = II 

I - qi^ Ui/z i=i 1 - q^^ Ui+i/z 

fr 1 - Qi' qjui/z TTTT (1 - (li q.iui+i/z){l - qi'^'q2qiui/z) 

11 aW ,• 1111 a('-+') • aW 

j=i 1 - qi'^^qiui/z i=i j=i (1 - qi^Ui+i/z){l - q^' q2qiui/ z) 

in the formula (13. 5p . This is a finite product. This expression follows from the formal 
infinite product 





i=l 

by substituting (I2.15p . and modifying it as we did in (I2.15P and (13. 8p . 

The function ipx{u/z), in general, can be better understood in terms of F^. Let 
{i,j,k) e CC(Yfj,) be a concave corner. Then, adding one box at {i,j,k) to corre- 
sponds to changing A to A + ^i-p^, where ^^il!^^ + + 1 = j. From (I3.15p . this relation 
can be rewritten as 

C^) I 1 
/^i + 1 = J- 

Using dM]), (13A9|) we obtain 

^ (fe) (u/z) = ^ij^k{u/z)^x{u/z). 

Using (I3.18p . for A = A^, we have 

(3.20) ^^(u/z)= \~^''/' n 

1 — u/z 

' {i,j,k)eY^ 

Here the infinite product is defined as follows. Set 

yI,''^ = {{i,j,k)eY^\z,j,k<N}, 

define {u/z) by (I3.20p with replaced by F/i^'* . For large the difference between 
ip{^\u/z) and ip{^'^^\u/ z) consists only of dependent factors which come from the 
'4'i,3,k{u/ z) such that i ~ or j ~ or ~ A^. We define the infinite product by 
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removing these factors from il)^^\u/ z). By the definition it is independent of N . Once 
we define the infinite product in this way, the equahty (13.201) is clear from (I3.18P for 
7 = 0. We discuss the case 7 7^ at the end of this subsection. 

In fact, it is possible to rewrite the infinite product as a finite product. We will do 
it later in Section 13.31 Here we remark that each cube in Y"^ contributes to poles and 
zeros through eight corners of the cube: poles from (z, j, k),{i — 1, j — l,k),{i — k — 
1), («,j- 1,^-1) and zeros from (z - 1, j - 1, A; - 1), (z-1, j, k), (z,j-l, /c), (z,j, /c-l); 
two of them, [i, j, k) and (z — 1, j — 1, /c — 1), cancel each other because of the restriction 
Qil2(lz = 1- From this follows that the ip^{z) action enjoys the ©3 symmetry 

(3.21) {i,j,k)i-i-{j,i,k)^ (gi, ^2, gs) ^ (gs, ^2, gi), 

(3.22) {ij,k) ^ {kj,i) ^ (gi, g2, gs) ^ (gi, gs, g2)- 

The first line means the following. If we transform where /j, G CP[a,/3,7], by the 
involution {i,j,k) -H- {j,i,k), we obtain Yp_ where fi G CP[/3,a,7']. Set A = A^, and 
A = A^. Then, we have the equality 

Similarly, from the involution k) -H- (j, /c), we have 

where A = A^ and Ji G CP[7, /?', a]. 

Define a plane partition uj = {co^''''}k>i with the boundary condition (a,/3,7) by 

(fc) _ J cx) if i < Pk, 



(3.23) cur 



Then we have 



max(7j, ak) otherwise. 



(fc) .r (k) 

(fc) _ I w-H_i if = «fc; 

i — \ (fc-+l) -f (fc) 



Among all n G y[a,/3,7], Y^^ C is the minimum. There is no convex corner in 1^ 
See Figure 13.21 The set of partitions A = A^^ associated with u: is given by 



Af ^ = max(7i+/3^, ftfc) - ak- 
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Let us compute a few examples of the eigenvalues (13.191) for A = A^, 

a /3 7 ^x{u/z) 



{1} 

{2} 

{1} {1} 

{1} {1} {1} 



l-Ku/z 
1—u/z 

{l-Ku/z)(l-qiq2u/z) 
(l-qiu/z){l-q2u/z) 

{l~Ku/z)(l-qfq2u/z) 
(^l-qfu/z){l-q2u/z) 
{l~Ku/z){l-qiq2q3u/z) 
(l~q2u/ z){l-qiq-iu/ z) 

{l-Ku/z){l-qiq2qsu/zf 



{l-qiq2u/z){l-qiqsu/z){l-q2q3u/z) 

Finally, we give the action of f{z) on Ma^is^^yiu, K): 

f{z)\X) = Yl A^,A^^,^-P,X^K^1^UU|Z)\\ - iS^^^J, 

{ij,k)&CV{Y^) 



(3.24) ) (u/z) = hm n V^AC") i<ir'^/^) " , ^rw^ U T" 

Af-5.oo J- J- 1 — qrq^u/z 1 • 



Ku/z T-i- 1 — q-^^ q2 qlu / z 



l-qfqNu/z^j^l-ql^-^qNq^u/z 

We do not repeat the argument which assures the well-definedness of this action. How- 
ever, we note that the multiplication of the last infinite product is in fact a finite 
product corresponding to the convex corners of 7 and it removes the extra poles and 
zeros in the finite tensor product which do not occur in the semi-infinite product. It is 
also important to notice that 

(3.25) iJx{u/z)=,p'i^\u/z), 

where the left hand side is given by ( ]3.19p and the right hand side by (I3.24p . From 
this the equality (13.201) for non-trivial 7 follows. 

We summarize the result in this and the previous subsections as 

Theorem 3.1. There is an action of the algebra £ on 'Ma^i3^^{u, K) induced from the 
infinite tensor product (I3.16P . This is an irreducible, quasifinite and tame representa- 
tion. The level is (1, K) with a generic parameter K . The lowest weight is given by 
( 13.19p . {see also ( 13.27P below) with fi = u: given by ( 13.23p . The representations thus 
obtained admit the 63 symmetry (13.211) . (13.221) . 

3.3. Shell formula for the action of ^/;^(z). For the Fock representation the rational 
function tpxlu/z) is factorized into the contribution from the concave and convex cor- 
ners. Let us derive the three dimensional version of this statement for the Macmahon 
representations. It follows from (I3.20p . 
Define an auxiliary object 

<iJx{u/z)= Yl '^i,j,k{u/z), 
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where we consider qi,q2,q3 as free, i.e., we do not require gig25'3 = 1- Once we obtain 
'^x{u/z) as a finite product we get tpxiu/z) by 

(3.26) Mu/z) = \~ ^""/' ^xiu/z), 

1 — u/z 

where qiq2qz = 1 is imposed. Let us define the shell of by 
S/x = {(^.J.^)eZ3|2,j,A;>0, 
(z + l,j + l,A; + l)^Y^, 

k), (z + k), + 1, /c), A; + 1), 
{t + 1, J + 1, k),{t + 1, J, /c + 1), (^, J + 1, A; + 1)} n ^ 0}. 

For example 

{} {} 

{(1,1,1)} {(0,0,1), (0,1,0), (1,0,0), (0,1,1), (1,0,1), (1,1,0), (1,1,1)} 

The rational function "^xlu/z) has neither a pole nor a zero at 1 — q{q2(l\u/z = 
unless k) G S^. It is also worth noting that for a fixed k) the intersection of 
{i + n, j + n, k + n) \ n E 'Z} with is at most one point. 

We classify the points in the shell into §^^^ {—i^n<2) where 

S/I'^ = k) G \ ^\{u/ z) has a zero of order n at 1 — qiq2(l\u/ z = 0}. 

For (z, j, k) G and ei, 62, £3 = 0, 1, we define 



1 if {i + eij + e2,k + 63) eY^; 
otherwise. 



T 



According as the set of values given in the form of two matrices 

%,,-fc(0,l,0) (1,1,0)^ 
fc(0, 1, 1) fc(l, 1, 1)^ 

%,,-fc(0,0,0) A,,-fc(l,0,0)^ 
A,j-fc(0,0,l) v4ij,fc(l,0,l)^ 

the order of zero at 1 — qiq2(l3u/z = of the rational function "^x^u/z) is determined: 

^^'^'^ (1 0) (0 0) (0 0) (1 0) (0 
(1 1) (1 1) (1 0) (1 0) (1 

order of zero —1 1 1 1 2 
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fl o\ fo o\ fo 0\ (I 0\ 

j-i,j,k vo oy Vo oy oy 

(i o) (o o) (i o) (o o) 

order of zero 1 1 1 —1 

The cases not listed in this table are neither poles nor zeros. 

For any a, /3, 7 and /x G CP[a, /3, 7] the union of S|f'' (a = —1, 1, 2) is finite. Thus, the 
formula (13.261) becomes a finite product 

(3.27) ^lj^{u/z) = {l-Ku/z) n n ^^-^i<i2<A^I^T- 

3.4. Resonance and submodules. Now we utihze the factor 1 — Ku/z (see (I3.24p ) 
in the action of f{z). Consider the specialization of the level 

(3.28) K = q\qlql = q^q^ 
Note that 

m = c — b,n = a — b. 

At this point, the £-module 'Ma,i3,'y{u, K) is reducible. We denote it by M™^^(u). In 
fact, the module M^^^(u) contains an infinite sequence of submodules. Let us describe 
these submodules. 

Let u} be the minimum configuration in CP[a;,/3,7] (see (I3.23P ). Recall giq'2?3 = 1- 
For each triple (a, /3, 7) and K of the form (13.281) . we determine a unique (a, b, c) with 
a,b,c> 1, satisfying (13.281) and 

{a,b,c)^Y^, (a- 1,6- l,c- 1) G Fo;- 

The action of f{z) on M™^^(m) is such that removing a box at 

(3.29) (z, J, k) = {a + t,b + t,c + t) (t G Z>o) 

is prohibited. This is because the coefficient of |A — l-'^^) in f{z)\X) where {i,j,k) G 
CV{Yfj) (A = A^) and Xf'^ = j, contains the factor (1 — Ku/ z)5{q{q2q\u/ z), but does 
not contain poles at q{q2<l3u/z = 1. The poles may appear only if for some s > 0, 
{i + l + sj + s,k + s) eY^OT {i + sj + l + s,k + s) eYfj^or {i + sj + s,k + l + s) e Y^. 
However, this is not possible if k) G CV{Yfj). Therefore if the position of the box 
is of the form (13.291) the coefficient vanishes when K is specialized as (I3.28p . 

The lowest weight vector lA^^) is still cyclic in JvV^'^^{u). There is no K in the action 
of e{z). The above consideration tells us that once a box is added at {i,j,k) of the 
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form fl3.29p . one cannot remove it by the action of f{z). In fact, we will show that the 
module M^^^(n) contains an infinite series of singular vectors. 

Define = c^f \ • • •) ^ 7] {t e Z>o) by 



(k) 

^t,i — ^ (fc) 



max(6 + t — 1, ifi<a + t — 1 and k < c + t — 1; 

cup'' otherwise. 



This is the minimal configuration among fi G (3, 7] such that (a + t — l,b + t — 
l,c + t — 1) G y^x. Note that cvo = oj and 

y r F c Y c ■ ■ ■ 

For t > 1 we have 

CV{ujt) = {{a + t-l,b + t-l,c + t-l)}. 

Set 

This is a submodule of with the lowest vector \Xuit) satisfying 

/(^)|A.,)=0. 

We have the inclusions 

In this subsection we study the quotient 

As we explained (a, b, c) is uniquely determined once (a, b, c) and m, n are fixed. 

Proposition 3.2. The module '^'^^{u) is an irreducible, quasifinite, tame t-module 
of level K = q^q^. It has a basis parameterized by the set 

The lowest weight is given by fl3.19p . or (13.271) . with /j, = uj given by fl3.23p . 
3.5. The case of tensor product of the Fock spaces. Set 

= {{ij, k) e \ i < OT J < OT k < 0} UY^. 

In this subsection we consider the case where the following condition is satisfied for 
some a,b,c: 



(3.30) (a-l,6-l,s),(a-l,s,c-l),(s,6-l,c-l) gF,;, (s G Z 
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Figure 3. The case of tensor product 

Then, each of the Young diagrams y^, F^, Y'^ contains the following rectangle, 

Y^DC^ = {{k,j) \ l<k<c-l,l<j <b-l}, 
Yfi^Cfi = {{k.i) I 1 < /c < c - 1, 1 < i < a - 1}, 
D = {(i, j) I 1 < z < a - 1, 1 < J < 6 - 1}, 

and each of a,/3,7 splits into three parts; core, arms and legs. We define partitions 
which determine arms and legs of a, /3, 7 as follows: 



charms 


= («1 - 


-6+1,. 


• • , ttc-l 


-6+1), 




= («; - 


c+1,.. 


• 5 "Li - 


-c+1). 


/^arms 


= (/3i- 


-a + 1,. 




-a + 1). 


Aegs - 


= (/?;- 


c+1,.. 




-c+1). 


7arms 


= (71 - 


-6 + 1,.. 


• , 7a-l 


-6+1), 


Tlcgs " 


= (7^- 


a + 1, . . 


• . 76-1 - 


-a + 1). 
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Introduce the notation 



K7H = Kb(^;'?3,gi,g2), 

Here a, P are related to a, b by fl3.14p . For example, 

Let us consider a few examples. The simplest case is (a, 6, c) = (1, 1, 1) and (a, /3, 7) 
(0,0,0). In this case J^n^^nJu) is the trivial 1 dimensional module. 



X;;°,(n)^C, K = l, ^;,Jn/z) = l. 
We have other specializations for the same (a,/3,7) = (0,0,0): 

'K^l^iu) - Mji;')(ix) C 3^2(m) ® 3^2(92^) ® ■ ■ ■ ® '^2{ql-'u), 

K = ql. ^xSulz)=^-^^^, (a,6,c) = (l,l,r + l) (r > 1). 

If (a, /3, 7) = (0, (1), 0) then we have the following cases; we consider the cases up to 
the symmetry. 

0(n) ~ Mj'go^ o)(n) C 3^2(^3^) ® 9^2(^2^) ® ■ ■ ■ ® 9^2(^2'-'^), 

K = q;, i^.. iu/z) = . i^^^, (a, b, c) = (1, 1, r + 1) (r > 1); 

l-q2u/z l-qsUz 

^0;(i),0(") - (gaw) ® 3^3 (g2M), 

/^ = g2g3, ^xM^)= ^^'I^'^f'^' (a,6,c) = (2,1,2). 

(1 - q2u/z){l - qsu/z) 

If (a, /3, 7) = ((1), (1), 0) then we have the following cases up to the symmetry. 

^i'),{i),0(") - ^{i!o,...,o),(i,o,...,o)(") ^ ^^{qiqsu) ® 3'2(g2M) ® ■ ■ ■ ® 3'2(g2~^'«), 

K = ,i, fc„(„,A) = i^-^f»^. (a.*..) = (U.r + l) (r>l)i 

1 - q2u/z 1 - qiq3u/z 

^(i),(i),0(") - ^2{qiq3u) ® 3'3(g2M), 

I ( i\ ^~q2qzu/zl-qiq2q3u/z , , . fo t o\ 

K = q2q3, ipxAu z) = - — , a,6,c = 2,1,2 . 

1 - q2U z 1 - qiqsu z 
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If (a,/3,7) = ((1), (1), (1)) then we have the following cases up to the symmetry. 

K = l, tp^^{u z) = - — — , a,6,c = 2,2,2 ; 

(1 - qiq2u/z){l - qiqsu/z){l - q2q3u/z) 

- ^2iqiq3u) (S) 3'3iqiq2u), 

I f / \ {l-qiq2q3u/zf i . \ i 

K = q2q3, ^\^{u z) = — --, a,6,c = 2,1,2 . 

(1 - qiq3U/z){l - qiq2u/z) 

Finally we give the general statement: 
Proposition 3.3. Under condition f l3.30p . we have 

KJ:r'i^) - ^ItXM-Vs-'u) ® Mi^:j_iqr^r'u) ® M];i^XM-Y3-'u). 

4. glg^-MODULES AND GeNFAND-ZETLIN BASIS 

4.1. Algebra qI^. In this section, we introduce a family of gl^o-modules which arises 
as a limit of £-modules considered in the previous section. 

We fix the notation as follows. By definition, gi^ is the complex Lie algebra with 
basis {Eij}ij^z and the commutation relations [Eij,Ekd] = Sj^kEi^i — Si^iEkj. We set 

Ei = Fi = -Ej+i^j, Hi = Ei^i — . 

We shall consider also the following Lie subalgebras of q\^, 

0fi)/2 = span {Ei^j \i,j> 1} qKo/2 = span {Eij \ij <0}, 

Qr,s = span{Eij \ r <i,j <s} ~ dh-r+i > 

where r, s & r < s. 

For a sequence of complex numbers 6 = {6i)i^i, we denote by Wg the unique irre- 
ducible g [(^-module generated by a vector v such that 

Eijv = {i > j), Ei,iV = 9iV (z G Z). 

The 9 is called the lowest weight and the vector v is called the lowest weight vector. 

4.2. Gelfand-Zetlin basis. Let be a positive integer. We recall the Gelfand-Zetlin 
(GZ) basis for irreducible representations of 0_Ar+i,o — Q^n- 

A Gelfand-Zetlin (GZ) pattern for gl^ is an array of integers 

Ml 

fA -\\ H'l H'2 

(4-1) . . 



such that 



fi[ ^ fi2 ^ ■ ■ ■ /ijy ^ 



(4.2) f^>f^,, f^>f4^'^ foralH,j 
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Quite generally, we shall denote by /i ± ij*'' the GZ pattern obtained by changing /i^*'* 
to /ij*'* ± 1 while keeping the rest of the entries unchanged. 

Given a set of integers 77 = (771, ■ ■ ■ , ?77v), ?7i > ■ ■ ■ > r]N, let Lr^ be the vector space 
with basis {\fJ')[N)}, where // runs over all GZ patterns for qIj^ satisfying 

We set |yu)(Ar) = if the condition (14. 2p is violated. 

Notation being as above, the following formulas define an action of 0_7v+i,o on L^: 

(4.3) 



LLl<k{ytj)<N~iy'^j ^fc 



'l<i< N-1] 



N-i 



(TV) 



i=i 



LLl<k(=ij)<N-i\'^j '-k ) 



[l<i<N -I), 



N-i-l 



(4.4) 
(4.5) 

where 
(4.6) 

The representation is irreducible. The highest weight is (6'_7v+i, ^_7v+25 ■ ■ ■ 5^0) = 
iiliyV2, ■ ■ ■ 5 ''7Ar) and the lowest weight is {rjjy, rjN-i, ■ ■ ■ ,Vi): the corresponding highest 
(resp. lowest) weight vector being given by the GZ pattern with /x^*'' = rjj (resp. 
/ij*'* = rji) for all 

Now we extend this construction to the case of following we fix a 

positive integer n. Consider an infinite GZ pattern of width n, 

Ml 



(4.7) 



(n) 

_ A^i 

^ - , (n+l) 
Pi 

(n+2) 



that is, an array of integers fi = {p-^j^)i>j>i satisfying f l4.2p and 



/i^^) 





o--- 



(4. 



fl^j^ =0 if j > 77, . 
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Let ?7 = (?7i, ■ ■ ■ , rjn), 7 = (71, ■ ■ ■ , 7n) be partitions such that rji > ■ji, i = 1, ■ ■ ■ ,n. 



Let y^,^ be the vector space with basis where /i = (/^j*^)j>j>i runs over GZ 

patterns (14 .Tp of width n satisfying the conditions 

(4.9) ^4^=v^ (^ = i,---,n), 



(4.10) /if = 7, {^ » 1, J = 1 



Proposition 4.1. The following formulas define a representation of q[^^2 ^rfy- 
(4.11) 

n n 

(4.12) 

n 

ty/iere 

C- . .(ul = ± ''='^ ' — 

lll<fc(^j)<nlS ^fc 



and is defined by (14. 6 p . 

Proof. Clearly the operators (14. lip . (I4.12p preserve the space y^^. Given i, take iV 
so that > n + i + 1. Then, under the condition (14. Sp . the formulas (I4.3p - (l4.5p 
reduce to (14. lip . (I4.12p after making a base change of the form = /(/i)|/i)(^). 
Consider (14. 3p . The range of summation 1 < j < N — i reduces to that in (14. lip 
^ < j < n because A^j*^"''' = is unchanged. We see also that the coefficient /(/i) is 

to satisfy /(/i + 15.'+^'^) = /(/i)(4'^^'^ + N -i), which can be solved easily. Hence the 
commutation relations of the generators are obviously satisfied. □ 

Proposition 4.2. //71 = ■ ■ ■ = 7.„, then is an irreducible gl^^^-module. 
Proof. For N > n, consider the subspace of V"^ 

Wn = span{|/i) G "^"^ \ /if = 7j (i > iV, J = 1, ■ ■ ■ , n)} . 

Because of the restriction 71 = • ■ ■ = 7„, the subspace is invariant under the 
action of 0_7v+i,o- The vector G defined by /if = rji {1 < i < n) and 



/t^- = 7i (i > n) is a g_Ar+i^o-singular vector with the lowest weight {6-n+i-, ■ ■ ■ , ^1 



oj 



(0, • • • , 0, — 7i, ■ ■ ■ , ?7i — 7i). Moreover ly^r has the same dimension as that of 
the irreducible lowest weight module of the same lowest weight. To see this one can 
rearrange the table as the usual GT pattern: 
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rji ■■■ Vn 7i ••■71 



7i 



Pi 

Hence is g_7v+i o-irreducible. 

By the definition we have = UN>nWN- The irreducibihty follows from this. □ 

By applying the involutive automorphism cr^Eij) = —Ei^j^i^i of gl^, we obtain 
representations of the subalgebra ~ '^(0^00/2) • -^^^ later reference let us write the 
relevant formulas for 0t^/2- 

For transposed GZ patterns /i = {fJ'^j^)i<i<j of depth n, 



(1) (1) (1) (1) 

A'-l ■ ■ ■ A''" f'n+l f'n+2 ' ' ' 

(4.13) /i= (n) (n) (n) 

••• 
■ ■■ 

Let r] = (r/i, ■ ■ ■ , r]n), « = ■ ■ ■ , ctn) be partitions such that rii > ai, i = 1, ■ ■ ■ ,n. 
We set ai = for i > n. Let V.^q, be the vector space with basis {|/i)} where the 

/i = {fJ'^f)i<i<j satisfy /ij*"* = if i > n and 

nf = ai (z = 1, ■ ■ ■ ,n, j > 1) . 
Proposition 4.3. The following formulas define a representation of qV^j^ on y^^.' 

n n 

(4.14) = J] l/i + lS?,-)c+i+j-(/i) , = ^\l^- l?+,-)c-i+j(/i) , 

j=i i=i 

n n 

(4.15) = [Y. - E - ^) 1/^) ' 

i=i i=i 



where i > 1, and 

Tin ,p{j) _ p{k) 
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We note that it is always possible to twist a given representation by changing Eij 
to Eij + x6ij ■ id for some x E C Utilizing this freedom we have chosen x = —n in 
(I4.15p . which will be convenient in the next subsection. 



4.3. Representations of gl^. In this subsection, we glue together the representations 
of define representations of the full algebra gl^. Consider now a GZ pattern 

/i = (/ij*'*)j,j>i such that /ij*^ = if i > n and j > n, that is 



(4.16) 



/i 



(n) 

Pi 

„(«+2) 
Pi 



(1) (1) (1) 



(n) 
fn+1) 



(n+2) 



(n) 








(n) 








We say /i has a hook shape of width n. We assume further that 

ctj for i = 1, ■ ■ ■ , n, j ^ 1, 
7j for j = 1, ■ ■ ■ , n, i > 1. 



(4.17) 
(4.18) 



(i) 



Let Vo^-y be the vector space with basis where fj, runs over hook-shape GZ patterns 

of width n, satisfying KIT} . (1418|) . 

Proposition 4.4. Define 

n n 

(4.19) Eo,i|/i) = E I-" + ' ^i.ol^) = E 1/^ - if ' 



(4.20) c+.(/i) 



1 



nLi(4^'^-^r^^)(4^^-4'?i) 



with 



r/ien the above formulas along with ( 14. lip . ( 14. 12^ .( 14.140 . ( 14.15^ (7iue a representation 
ofgioo on 

Proof. The only non-trivial relations to check are [Ei,Fj] = SijHi for i = or j = 0, 
and the Serre relations involving them. First we check the former. For the relations 
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[Eq, Fi] = [Ei, Fq] = to hold for i 7^ 0, we must have that 

and that c^j(/i ± 1^+^) = ± l^*^^'') = other cases. These relations 

can be verified using (14.201) . 

A similar calculation shows that, in [E'q, -Fo]|/x), all terms cancel except 

n 

Substituting (I4.20p we find that the coefficient in front of can be written as 
- > res + res — ttt 



j=i ■'-'^j 

n 
k=l 



Comparing this with Hq = Eq^ — Ei^i we obtain [Eq, FoWfi) = Holfi). 

Finally the Serre relations involving £^0 or -^0 can be checked by a tedious but straight- 
forward calculation. □ 

Proposition 4.5. // 71 = ■ ■ ■ = 7„ = c, "^0^^ is an irreducible gl^-module with the 
lowest weight vector c)), where 

{max(ai,c) (1 < i,j < n); 
oii {l<i<n, J > n); 

c (i > n, 1 < j < n). 

cti ^ ■ ■ ■ ^ ttfc ^ c > ctfc+i > ■ ■ ■ > dn, then ^a,j is isomorphic to the irreducible 
lowest weight gi^-module Wg(n) with the lowest weight 



'0 {i<-ky, 
a-i+i-c (-A; + l<i<0); 

dn-i+i — c — n {1 < i < n — k); 



(4.21) e^^\a,c), 

-n {i > n — k + 1). 

Proof. For > 0, consider the Lie subalgebra Otv = Q-oo,n spanned by Eij with 
h j ^ For each partition = (r^i, ■ ■ ■ , ?7„) such that 77^ > c if i + < n, we consider 
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the aAT-module Xat,^ given as follows. As a linear space, it is spanned by vectors 
where n = {fi^j^)j<i+N runs over GZ patterns of width n such that 

f^N\j = Vj for j = I,--- ,n, 

fi^j^ = c ioT 1 < j < n, i ^ 1. 

The action of the generators of is defined by the same formula as fl4.3p - fl4.15p . We 
show that Xjy^rj is an irreducible OAr-module for all and rj. The irreducibility of ^a,^ 
is a simple consequence of this assertion. 

For = we have Oq = 0lJ^/2' ^o,v ~ ^r^c is an irreducible Oo-module by 
Proposition 14.21 Assume by induction that each Xn-i,( is aAr_i-irreducible for A^ > 0. 
By the definition, we have a direct sum decomposition into subspaces Xat,,, = Q)^3Cn-i,^, 
where > ?7i > ^2 > ''72 > ■ ■ ■ > > ''7n- Each X^-i,^ is an irreducible aAr_i-module, 
which are mutually inequivalent. Therefore, if W G XN,ri is a non-zero OAr-sub module, 
then we have W = (B^W fl Xjy^i^^ as aTv-i-uiodule. If fl X^v-i^^ 7^ 0, then acting 
with En_i, F/v_i we obtain that W fl Xat.i (^^^... ^^.-i-i ...^g^) 7^ for each i, as long as the 
condition ?7j_i > C,i ± 1 > 77^ is not violated. It is now easy to see that W = X^^rj- The 
proof is over. □ 

Note that the lowest weight 9^'^\a,c)i is increasing, i.e., "anti-dominant", except 

c)o = ai - c > > -n > ^("^(a, c)i = a„ - c - n. 

4.4. Degeneration of the algebra £ and q[^. In this subsection we examine the 
degeneration of the algebra £ and its modules when one of the parameters tends to 
1. 

In order to discuss the limit, it is convenient to introduce the elements hm G £51,52,93 
(m 7^ 0) via 

3 

±m>0 1=1 

We have [/i^, e{z)] = z"^ e{z), [hm, fiz)] = -z"^ f{z). Set further ip^ = g^^, ip^ = ql~ . 
In the limit 



(4.22) gi ^ 1 , g2 ^ g , q^^q (g e 

the algebra £gi,52,(?3 reduces to the Lie algebra Og ^,0 which has been mentioned already. 
The algebra f g,K,o is the associative algebra (viewed as a Lie algebra) generated by 
Z^^, D^^ with DZ = qZD, extended by a central element k: 

[Z'W^\Z'W^'] = (q^^^^ - g^-2^i)Z^i+^2DJi+i2 + i,q-^^^^S,,+,,,oSn+j,,o ■ • 

Writing the limit of the generators 6^, fm, with bars, we have the identification 

(4.23) (1 - q)em = D^Z, -(1 - q-')U = Z-^D^, 

(4.24) (1 - g""')/i™ = (m 7^ 0), K+-K^ = K. 
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Let 0[oo,K be the Lie algebra defined by the symbols : Eij : and a central element k, 
with relations 

0too,K = {Yl ^^'j '■ :| 3iV > 0, ttij = for \i - j\ > N}®Ck, 
[^^ctjj : Eij : Ek^i :] = (^^^ c^i.fc&fcj — 'Y^bi,kO-k,j^ '■ Eij : 

i<0<j i>0>j 

It is straightforward to verify that the map 

(4.25) D'^Z ^ Yl • ^M+i • ""^"'^ ' ^ 5Z • ^^+1'* • ' 

„ m 

(4.26) D*" ^ V : , : M'^g-*'" + k (m ^ 0), 

gives an embedding of Lie algebras 

Here u is an arbitrary non-zero complex number. 

We view gl^ as a subalgebra of glao,K by -E^j ^-7■: -Ejj : —6ij9{i > 0)k, where 
6'(z > 0) = 1 if z > and otherwise. The action of gl^ on ^^^^ can be extended to 
that of gl^ ^, since acting with the latter on GZ patterns of hook shape only finitely 
many terms are produced. 

Now let us turn to the Macmahon module 3v[a,i3,-y{u, K). In the limit f l4.22p . the 
eigenvalues (13.1 9p of 'ip'^^z) tend to 

1-Kiu/z -^r l-q'-~'^'u/z 
1 - q~l^^u/ z 1 - g*"^'+iM/2;' 

where Ki denotes the limiting value of K. In order that this limit be 1, we are forced 
to take /3i = for all i and Ki = 1. Assuming this, consider the action of e{z), f{z) 
which we write in the form 

oo oo 

e(^)|A) = Y C+ (A)|A + if)), /(.)|A) = Y C-,W\X - ll'^). 

i,k=l i,k=l 

Let us compute the action of e{z) in the limit gi — 1. We use (13. 9p in the form 

°° 1 (k) 

eWIA) = Y 1 ^xi>'h^^t'\^/^)K<ll' grV/^)|A + if ), 
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where A^-''"'' = — at and Uk = uqi''q2~^- We have for gi — 1 



1 , (0(1) (i#l); 



93 



^ " '^U^t'\^/^mifQl-'^k/z) = 0(1), 



so that 



0(1) (t^k); 
0{t^) {^ = k). 



Similarly, using 

f{z)\\) = J2 T^i^'xi''ui^T'\^/mq'i grV.A)|A + if)), 



:,fc=i 



we find 



Hence, passing to the new basis |A) = (1 - gi)f(^)|A)"'"' where p(A) = YZi>h \ the 
matrix coefficients for e{z), f{z) have well defined limits. Clearly the same is true 
about the quotient module T^'^^iu)- 

Thus we have shown the first part of the following: 

Proposition 4.6. (z) If /3 = 0, then the Macmahon module Mq_0^^(u, ^293) ^^'^ '^^s 
irreducible quotient "H^^^iu) have well-defined limits. 

(a) Assume 71 = ■ ■ ■ = 7n = c, n = n. Then as 'Oq^f^fi-modules, the limit ofH^^^iu) 
is isomorphic to the pullback (Wg(n)(Q, c)) of the Qi^^^-module given in fl4.2ip . 

Proof. Let us show (ii). By construction, the limit oi'K^'^^iu) and i* {y^0{n)i^a,c)) both 
have bases labeled by the same combinatorial set, the GZ-pattern of hook type. It is 
easy to see that t* ('Wg(n)(Q,^^)) is an irreducible ^^,^,0- module. Hence it is sufficient to 
check that the lowest weights are the same. 

The limit of [ip^^z) — ip~ (z))/ (1 — gi) gives the eigenvalues of km, which in turn gives 
those of : Ei^i : via (it^ . ( KWf and (K^ . d^MD- Denoting by 6^ the eigenvalues of 
Ej ,■ we find 



(4.27) 9i 



di-i+i — ^^iidj,j-i+i ~ dj+ij-i+i) {i < 0); 
^- - - dj+ij) {i > 0), 



where dij = max(7j,aj) and K = q1 . In the case k_ = —n, aj = 7j = (j > n), f 
7i = ■ ■ ■ = 7,1 = c and ai > ■ ■ ■ > > c > a^+i > ■ ■ ■ > ««, this reduces to formula 

dtui). □ 
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5. Characters 

All £-modules in this paper are graded by convention deg Ci = — deg fi = I, deg ipf = 
0. Computation of the characters of 3\f^^^ is a very interesting and challenging problem. 
It looks that in a lot of cases there are many seemingly unrelated highly non-trivial 
formulae. 

In this section we compute the characters of J^'^ ^^{u) . Note that 7 = 0. In this 
case, by Proposition 14.61 our problem is equivalent to computing the characters of gi^ 
modules VFg('i)(a,o) with the degree defined by deg Eij = j — i. We also present several 
conjectures at the end. 

5.1. Bosonic construction. In this subsection we follow |KR2] . The main tool is 
the bosonic construction of qI^ modules. We omit proofs when they are available in 
jKR2] . 

Let H be the algebra generated by generators di,d^, i G Z with defining relations 
[di, dj] = [d*, d*] = 0, [d*, dj] = 6i_j. 
Let U be the cyclic representation of the algebra H with the cyclic vector v satisfying 

di+iv = d*v = 0, i e Z>o. 
The following lemma is clear. 

Lemma 5.1. The module U is an irreducible H module. □ 
Introduce the notation 



: did* 



didU (^ < 0); 
d*_idi (i > 0). 



Define an action oi gii = C ■ en in U by 

en = ^ : did*_i : . 

Define an action of qI^ in U by letting the generator Eij act as 

-^ij did_j. 

Proposition 5.2. The actions of and qI^ in U commute. We have the decompo- 
sition o/gl^ modules 



U = ©fcgzWgd 



(fc,o)- 



Moreover, W5i(i)(fc^o) = {v E U \ euv = kv}. The module W^0(i)(fco) the irreducible 
lowest weight gl^ module with the lowest weight 6^^\k,0) given by (14.211) and with the 
lowest weight vector d^v if k > and {d*_^~^v if k <0. 
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Let Hn = H®"". We denote the generators of iJ„ by df\ df^\ z G Z, A; G {1, . . . , n}. 
We have 

\ df] = [rff df>] = 0, [d?\ df] = 5,^,5,,, 

Then f/„ = ?7®" is naturally an iir„- module. By Lemma 15.11 Un is an irreducible 
if„-module. We set Vn = v®^. 

Define an action of 0[„ in f/„ by letting the matrix units Cki act as 



= ^ : df^d^!}* :, /c, / = 1, . . . , n. 
Define an action of in f/„ by letting the matrix units Eij act as 

k=l 

Proposition 15.41 below generalizes Proposition 15.21 to the case where gl^ is replaced 
with gl^. It was proved in |KR2] . see also [W]. It is a glo^ version of the Schur-Weyl- 
Howe duality. The latter states 

Proposition 5.3. Let N be an integer such that N > n. In the above setting consider 
the subspace 

Un,N = C[rff ^; l<k<n,-N + l<i< 0]Vn C Un- 

We have mutually commutative actions o/gl^ and gljy ~ 0t_jv+io on Un,N, o-nd with 
respect to these actions, we have the decomposition 

Un,N = ®aLa ® Lq., 

where a = (ai, 02, . . . , 0, 0, . . .), G Z such that ai > a2 > ■ ■ ■ > an > 0, md La 
{resp., La) is the irreducible g[„ {resp., g[^) module with the highest weight {ai, . . . , a„) 
{resp., the lowest weight (0, . . . , 0, . . . , cui)). The component La ® La is generated 
by the cyclic vector 

n-l 



i=l 

where Di are given by 



Di = det(/^ 



Similarly we define 
Now we give the duality statement for g[„ and gl^. 



D* = det(ciL7'-'^*),v=i...... 
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Proposition 5.4. We have the decomposition 

where a = [ai, 02, ■ ■ ■ , On) (^i > ^2 > ■ ■ ■ ^ ctn? Q^i G Z), and is the irreducible g[„ 
module with highest weight a and VF5i{n)(„ q) 'is the irreducible lowest weight qI^ module 
with lowest weight 9^'^\a,0) given by f l4.2ip . Moreover, La (8> W^6i{n)(Q,o) ^-^ generated by 

where k{a), s{a) are the numbers of positive and negative parts of a respectively. 
5.2. Characters of VI/g(i)(fc^o)- Consider the set 

Ca = {(A,/x) I A,/i — partitions, /xi + a > Ai}. 

Let 



Xa= 2^ g' 

be the corresponding formal character. 
Set 

00 
1=1 

Lemma 5.5. For k G Z>o we have the recursive relation 

1 



00 



Proof. We construct a map 

Lk : CkU Cfc+i Coo := {(A, /i) I A, /i - partitions} 

as foUows. For (A,/i) G Ck we set ifc(A,/i) = (/i, A). For (A,/i) G Ck+i we set ifc(A,/i) = 
(/i, A), where 

A = (/ii + + 1, Ai, A2, A3 . . . ), /i = (/i2, /is, /i4, • • • )• 

Clearly, is a bijection. The lemma follows. □ 

Corollary 5.6. For k G Z>o we /lave 

^ 00 

Proof. Repeating using Lemma 15.51 we compute 

Xk{q) = - = - ^^^'(tV ~ '^'■^'^fc+sl?)) = - • 

Continuing, we obtain the corollary. □ 
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For k G Z>o, set 

Xk = Xk, x-k = q^Xk- 

We set deg di = deg d* = — z, deg v = 0. 
Corollary 5.7. For k eTj, we have 

x(W^9(i)(fc,o)) = Xk- 

Proof. By Proposition 14.51 for k G Z>o the modules VFg(i)(fc,o) and W/e(i)(-fc,o) have bases 
parameterized by the set C^, therefore the corollary follows. □ 

5.3. Characters of g)- Set degrf^--''' = degrf^--'''* = — degw„ = 0. Proposition 
15.41 allows us to compute the character of Wgi^afi) in terms of Xk- 

For a = (ai, . . . , an) {ai > ■ ■ ■ > ctn, ca G Z), let k{a) be the number of positive 
parts of a. We set 

k{a) n—k{a) 

p{a) = - l)ai + ^ ian-i+i- 

i=l i=l 

Then p{a) is the degree of the singular vector Va given by (15. ip . 
Recall that the gl^ weight p is given by 

/n — In — 3 1 — n\ 

and that the symmetric group Sn acts on the gi^ weights by simply permuting the 
indexes. 

Theorem 5.8. We have 

n 

Proof. The character of the subspace of vectors in f/„ of the qI^ weight /i = (/ii, . . . , 
is obviously given by YYi=i Xm ■ By Proposition 15. 4[ the space VFe(a,o) is identified with 
the space of gt^ singular vectors of weight a in [/„ with the shift of the degree given by 
p{a). Moreover, Proposition 15.41 asserts that Un is a direct sum of finite-dimensional 
modules. Then the character of the space of g[„ singular vectors of weight a is 
computed as the alternating sum of the characters of the weight subspaces. □ 

5.4. Other character formulas. We finish with some conjectures which we checked 
for the small values of parameters. 

Conjecture 5.9. The character ofN^^^ is given by 

T-rm— 2/-| i\jn—i—l °° m—1 

xiKo7') = — 11(1 - g^-n- 

7=0 1=1 
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Conjecture 5.10. The character o/Kqqq , where n > m is given by 

Here we set Aj = if j > m. 
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